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Abstract 

We present calculation of the anomaly cancellation in M-theory on orbifolds 
S l / %2 an d T 5 /^2 in the upstairs approach. The main requirement that al- 
lows one to uniquely define solutions to the modified Bianchi identities in this 
case is that the field strength G be globally defined on S 1 or T 5 and properly 
transforming under Z,2- We solve for general G that satisfies these requirements 
and explicitly construct anomaly-free theories in the upstairs approach. We 
also obtain the solutions in the presence of five-branes. All these constructions 
show equivalence of the downstairs and upstairs approaches. For example in the 
S 1 /Zj2 case the ten-dimensional gauge coupling and the anomaly cancellation 
at each wall are the same as in the downstairs approach. 
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1 Introduction 



Dualities in string theory connect seemingly different theories. One of the most unex- 
pected predictions in this web of dualities is the appearance of 11-dimensional theory 
(M-theory) that manifests itself at low energies as 11-dimensional supergravity. The 
theory compactified on different spaces is dual to different string theories. Compact- 
ification on S l / /Z2 gives the M-theoretic extension of the heterotic Eg x Eg string, 
i.e. a geometric picture of 11-dimensional spacetime with two 10-dimensional walls 
at the ends of a finite interval along eleventh dimension [|1], Q [3]]. While the super- 
gravity multiplet (graviton, gravitino and antisymmetric tensor fields) can penetrate 
in the d — 11 bulk, the two E$ gauge supermultiplets are confined to the two walls, 
respectively. The requirement of anomaly cancellation gives the relation between the 
11-dimensional Newton's constant n and the 10-dimensional gauge coupling constant 
A - it was first obtained in with a numerical factor of 2 missing. The correct relation 
was first obtained in Q and subsequently by many authors both in the downstairs and 
in the upstairs approaches || ||. However, as was noted in 0, the previous calculations 
in the upstairs approach were inconsistent because of incorrect taking into account the 
%2 symmetry. Rather surprisingly, the result of the upstairs calculation of gave 
different result than the downstairs calculation of M. 

Another interesting example of an orbifold in M-theory compactification is T 5 / 
II [| which is dual to string theory IIB compactified on K3. There are 32 fixed six- 
planes and it turns out that there must be 16 additional twisted sector multiplets living 
on these six-planes to cancel anomalies. In the presence of five-branes some of these 
tensor multiplets are transferred to the branes. 

In section 2 we analyze the anomaly cancellation in the upstairs approach for the 
compactification on S 1 / /Z2 and the results show complete equivalence of the downstairs 
and the upstairs approaches. The gauge anomaly is restricted to the walls and there 
are no mixing terms between the walls so that the cancellation proceeds exactly as in 
the downstairs approach. The combination A 6 / k 4 turns out to be exactly the same as 
in M (while in ref. M it differs by a factor of 3). In section 3 we include five-branes 
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and derive the field configuration for which the total anomaly vanishes. In section 4 
we explicitly construct a theory compactified on T 5 / Tl,?. and show that there exists in 
the upstairs approach a configuration of fields that is locally (at each fixed six-plane) 
anomaly-free. Section 5 presents some conclusions. 



2 M-theory on S l /Z^ 



The low energy limit of M-theory compactified on S 1 / '/Z 2 was given in |T|, [J. We will 
use in this paper slightly different normalization of the fields (the same as in 0). The 
actions for the theory in the upstairs and downstairs approaches look the same but the 
range of integration and the normalizations are different. 

In the upstairs approach we have full circle (of length 2irp) in the eleventh dimension 
with two branes located at x 11 = and x 11 = up and we impose 2&2 symmetry on 
fields (for example Cabc and Gabcd with A, B,C, D = 1 .. .10 are odd under Z5 2 and 
therefore vanish on the walls while Chab an d Ghabc are even). The action reads (for 
simplicity we keep only bosonic terms) 



S = I- 



R+-G 2 
48 . 



1 1 cagag--^-Y: I . V^gPf. (l) 



12k 2 is n AX 2 ^Jmi 

In the downstairs approach we take an interval (of length Tip) with the two walls on 
its ends and instead of the /Z2 symmetry we have to impose appropriate boundary 
conditions. The action is the same but we have to replace M n by Mu (full circle by 
the interval in the eleventh dimension) and the coupling constant R by k where: 

- 2 = ^ 2 , / =\L ■ (2) 

A JMu I JM11 

Anomaly cancellation requires modifications of the Bianchi identities that involve 
sources on the walls. We will solve below for general G and C that satisfy these 
identities and are well defined on the full circle (i.e. are periodic). 

Let us start with some definitions that will prove useful later on. We introduce a 
space $ of differentiable functions defined on the interval [0,7rp] and satisfying 

ge§: </(0) = l, <?M=0. (3) 



For any g G $ we define two periodic functions, and f( 2 \ defined on the circle 
(-7170,7170]: 

/«(x n ) = sgn^ 11 )^^ 11 !), 

/f (x 11 ) = sgn^^^d^D-f), (4) 

/fM = /?M = o. 

These functions constitute the most general ^ 2 -odd primitives of delta functions lo- 
cated, respectively, at and up, having no other singularities and defined globally on 
the circle. The derivatives of these functions are: 

= 2 * W + h 9 (5) 
where h g (x n ) = g'(\x n \) is regular everywhere and 6® is the Dirac delta function 
located at the i-th wall. Later we will use the same symbol to denote the corresponding 
one form. It is easy to prove that for any g 

jf i dx n h g (x n )f^(x n )f^(x n ) = \ - 8 i3 . (6) 
Regularization of the delta function gives also: 

tfW/W/W _> (7) 

_> o (8) 

(in sense of distributions i.e. when integrated with regular functions). 

Having defined the primitives of delta functions we can now solve for G in the 
modified Bianchi identities. They read 

dG=->yY i 6®Al i (9) 

i 

where 7 = (Ah) 2 k 2 /A 2 and 

1 / _ 1 _\ 

(10) 
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An integral of dG over a C4 x 7 where the interval / surrounds only one wall is 
not vanishing but the integral over the entire interval should vanish for G to be well 
defined. Therefore the sum of Ii and I2 must be cohomologically trivial: 



(h + I 2 )=0. (11) 

C4 



Because of ( |TTD there exists a form of G that is explicitly well defined globally. We 
can write 

It = H 4 + dVti , 

h = -H 4 + dn 2 (12) 

where H± is a harmonic 4-form and f2j are 3-forms well defined globally. Then we can 
write the solution of (|9]) in the form 

G = rfC , -|sgn(x 11 ) J ff 4 + 7E (5(i) AQ i ( 13 ) 

i 

where each of the terms is well defined globally. Unfortunately, we do not know the 
explicit form of ([12]) and it is difficult to connect C with the C field from M-theory 
where G = dC in the bulk. Therefore we will seek the solution of (§) in a different form 
which is only implicitly well defined globally. The solution to (^) satisfying G = dC in 
the bulk is given by 

G = dC + jY, 6 ® AuJ i ( 14 ) 

i 

where Jj = dui locallyn. In order to analyze the consequences of %2 symmetry, we will 
take care to define all forms globally at least in the eleventh dimension. We expect G 
to be a regular form and therefore we expect that singularities in SC should cancel 5^ 
in QHp. Let us define a regular three-form C reg (depending on functions g\ and #2) by 
the relation 

c = c reg -lj2fiS- ( 15 ) 

i 

Substituting this form to (fH|) we get a regular (along x 11 ) form 



g = dc reg _2 ? hgi dx n A Wi -|x; ( ie ) 

i i 

where we used (|5|). 

Integration of Bianchi identities over I x C4 where I is an interval along x 11 com- 
prising only one wall shows that G in (fl6|) is globally well defined only if 

^iG^ 1 ) = 92(x n ) = g(x n ) . (17) 

general, u>i is not well defined globally since U can have contributions from harmonic forms 
(Hi in (|l2|)) but C is likewise not well defined globally and the two contributions should cancel to 
produce well defined G like in jl2|). 



Hence, the same function has to be used in and (and consequently there is 
only one regular derivative h). Therefore, we will suppress subscript g from now on. 

To calculate all contributions to the anomaly, we have first to find gauge variation 
of C. Starting from the condition SG = and using equations ([14] ) and fllBD we get 



SCreg = dB reg - |/i E dxU A u\ ( 18) 

i 

where bu){ = duj]. 

Let us now calculate the anomaly in the upstairs approach. The contribution from 
the topological term in the action is equal to 

5S top = --^ 1 5C A G A G . (19) 

The relation G = dC valid in the bulk requires C (and not C reg ) in the above expression 
- we would break supersymmetry in the bulk otherwise. Let us note that the authors 
of j7| used SC reg in ( [TUP and not 5C and it is one of the reasons for the difference 
between the results of the present paper and that of @0. 
Using the expressions fll6|) and we have 

5C = dB reg -lhJ2dx n A coj -|E/ (i) ^ » ( 2 °) 

i i 

G = dC reg -^hY,dx n AtJi-^f^Ii. (21) 

i i 

It is easy to show (see relation (|8|)) that the terms with dB reg and dC reg do not con- 
tribute to fll9"D due to regularity of B reg and C reg and the fact that GabcdU = 0. 
Therefore we get 

tjk 

(hdx 11 A ujj + f®I 3 ) A (hdx 11 A u k + f k h k ) 

7 4E(/ ^ 0) / (fe) / ^AljAh (22) 
iK 77h \ J Si Jm 10 

' hf^fW f dwlA^Ah) 



96*, 

ijk 



J_ 



-2 

3 



/ \(~- 8ik) A L A 4 + 2 (- - 5 ik ] uj A L A I k . 

]R? 4^J Ml0 LV3 3 J 1 3 V3 J 1 3 
% j k 

2 In a linear function was chosen for g but as we show in the present paper nothing really depends 
on the choice of g as long as conditions (||) are satisfied. 



Expanding this result shows that the terms which mix contributions from different 
walls cancel and we have the final result 

^—^E/^A/.A/,. (23) 

The next contribution to the anomaly is the Green-Schwarz term - we take it to 
be of the fornf] g |10| 



Sgs = ~- L CAX s . (24) 

7 JMu 



Calculating the gauge variation of this term using ( p0|) we get 
SS GS = \f_ "£(kdx n Au} + f^dojl)AX 8 

E* (,) Aw!M 8 = -E/ ^Al 8ii . (25) 
Jm u t t Jm 10 

The third contribution to the anomaly is the one-loop result - it is given by 

&Si-ioop = 5E / c^AJiAJi + W w}AX &ti . (26) 

o i JM 10 • JM W 

The requirement of vanishing of the total anomaly i.e the sum of (|2~3D , (|25f) and 



gives 

A 6 (4tt) e 
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Translating this result to the downstairs language using @ we get 

A 6 



(27) 



, (4^) & (28) 

K 



and this relation is exactly the same as in ||]. 

3 M— theory on S l / Z 2 with five— branes 

Let us now include five-branes - possible non-perturbative objects in M-theory that 
couple magnetically to G and act as sources for modified Bianchi identities. Their 



3 Choosing instead G A X-j with X$ = dX*i would give the same contribution to the anomaly 
expressed as 12-form but the anomaly cancellation in the 10-form would then require a local coun- 
terterm. 
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presence can in general modify the condition (11) and therefore require non-standard 
identification of gauge fields with the connection. We would like to show here that we 
can repeat the whole discussion in the presence of five-branes in the upstairs approach. 

Let us take into account the five-branes parallel to three space dimensions and two 
CY dimensions (it is possible that with the non-standard embedding it is no longer a 
Calabi-Yau space but let us leave this subtlety aside). These five-branes act then as 
additional sources in the Bianchi identity 

dG = - 7 E^ ) A/,-7E^ ) (29) 

i a 

where 5^ are products of five delta one forms along four CY dimensions and x 11 . The 
requirement that G be globally defined gives 

/ (h + h) + [C a ] =0 (30) 

where [C a ] is equal to the number of five-branes surrounded by a given cycle C4. 

In analogy to the previous case let us introduce a ^2 odd and periodic function with 
jumps at x 11 = x a + > and x 11 = —x a + (it necessarily has two jumps symetrically 
located around x 11 = because of ^2 antisymmetry): 

/("V 1 ) = sgn(x n )[g(\x n \) - 0{& - |* n |)] (31) 

where 9 is the Heaviside step function. 
Solving for G gives in analogy to flTEp 



G = dC reg -|E hdx 11 Au>i -|E f®It -7 £ Wx n A4 Q) -7E f {a) dx 11 AS[ a) (32) 



7 , , 11 . 7 

i a+ a+ 

where dd^ = 5%* . Therefore, we have to sum in (|32|) only over positive x a (denoted by 
a + ) since the branes at negative values of x 11 are automatically taken into account. A 
similar argument as before (integration over a cycle comprising only one brane) shows 
that the function g in ( |3~T1) is the same for all branes and also the same as the one 
defining and f( 2 \ 

The condition flHUP that G be globally defined is also crucial for anomaly cancellation 
and for confining anomaly to the wall or brane. Let us now describe the anomaly 



cancellation in the case with five-branes. We will work with 8-forms (and not 6-forms) 
and will not keep track of possible local counterterms. 

The contribution to the anomaly from the one-loop result is 

5S 1 - loop = J2 x s,<*- (33) 

a 

The contribution to the anomaly from the Green-Schwarz mechanism is 

- -8 [GAX 7 = — [GAdXl = -J2 X la- (34) 

7 J 7 J a 

The contribution (0) translated to the 8-form language cancels the contribution from 
(j33|). Therefore, we expect that the contribution from the topological term should 
vanish. Let us show that (under some condition) this indeed is the case. Since 85 is 
invariant under gauge and gravitational transformations, 5C is the same as before (^0|): 

8C = dB reg -lhJ2dx n AwJ 

i i 

= d (B reg - | E / + 7 E ^ A ^ • (35) 

Using (|29() we get the five-brane contribution to the anomaly 

= 2 7 / E {Bre g - \ E / (< W) A (dC reg - \ E /^I; j A 5. 



5C A G A G 



(a) 
4 • 



(36) 

Therefore, if we impose conditions for all positions of branes (x^): 

*W*«) = ?£/ (0 (*«Vi (37) 

then the contribution to the anomaly from the topological term vanishes and summing 
up all contributions the total anomaly does so as well. 



4 M-theory on T 5 /^2 

Another interesting orbifold compactification of M-theory is that on T 5 / ^ 2 i.e. down 
to a theory in six dimensions with 16 supercharges || |9|, |5|. Similarly as in the ten 
dimensional case there is a potential gravitational anomaly. In the limit of small 
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compactification radius the particle content of this theory (after imposing ^ 2 on the 
fields) is a chiral supergravity multiplet (consisting of a graviton, 2 chiral gravitinos 
and 5 selfdual twoforms) and five tensor multiplets (each consisting of an antiselfdual 
twoform, 2 antichiral fermions and 5 scalars). This theory does not possess vectors so 
that the potential anomaly must be purely gravitational. It turns out that the anomaly 
vanishes when there are additional 16 tensor multiplets (so called twisted sector not 
directly obtained from the compactification). T 5 /^ 2 has 32 fixed six-planes and the 
additional matter multiplets should live on these six-planes. The anomaly from the 
small radius theory (untwisted sector only) is equally distributed among all 32 points 
so that the anomaly at the P-th plane is given by: 

g-loop) = 1 / 2/ (3/2) _ m (l/2)\ + Np (_ 2/ (l/2) _ j(3-for m ^ (3g) 

32 

where Np is the number of the twisted sector matter multiplets living on the P-th fixed 
plane. Using explicit formulae for the anomalies in six dimensions one gets 

4¥ OOP) = (N P - \)X 8 . (39) 

Sum over P gives the previously mentioned condition Np = 16. Since Np are 
integers it is impossible to cancel the anomaly at any fixed six-plane and to do so one 
has to modify Bianchi identities to provide additional source of anomaly inflow via 
Green-Schwarz mechanism. If 

dG = J2gp4 p) (40) 
p 

then by the same arguments as before the full anomaly is given by 

h,p = (N P -g P -~)X 8 . (41) 
To cancel the anomaly the magnetic charges have to be half-integers satisfying 

g P = Np-±. (42) 



We will describe below an explicit construction of G satisfying (|4(f) in the upstairs 
approach. We could apply the techniques worked out in the case of S 1 /Z 2 but it is 
not necessary. The T 5 /ZZ 2 orbifold is simpler because the cohomology condition (3D) 
is now replaced by an algebraic relation J^Np = 16. 



Let us denote 2 5 = 32 fixed six-planes by P{n) where n = (n?, n 8 , rig, n 10 , n u ) and 
rik = 0,1. The action of ZZ 2 on the torus <8>fc(— 7rp fc , 7rp fc ] that leaves these 32 points 
intact is given by Xi — > — Let us also introduce 5 x 2 4 = 80 intervals joining fixed 
points by I[n k ) where n k = (n-?, . . . , rin) with rik left out. The interval I(n k ) is parallel 
to the k-th axis and we assume that its orientation is the same as the orientation of 
that axis. 

The field G satisfying (^0]) and antisymmetric under Z 2 is given by 

G = dC + \ J2 E c(n k )sgn(x k )5f ) (43) 



2 /. 



where 



^ } = ^ €k Pi rsS ( %P ~ ^Pp) A ... A 5 (x s - n s ixp s ) (44) 

and c(n k ) are constants characterizing G along the interval I(n k ). Calculating dG from 
(fjBQ and comparing with (HO) and (H3) we get 



9m = EC- 1 )"*^*) = ^ - i («) 

In the above equation n fe has the same components as n but with dropped. It 
is straightforward for any given set of Np (satisfying J2Np = 16 i.e. J29p — 0) 
to get c{n k ) satisfying the above equation. Let us describe explicitly for example the 
"checkerboard" configuration || where 16 tensor multiplets are distributed in the most 
uniform way: 



Np = - 
F 2 



Shrinking any of the radii in the above configuration, any pair of fixed points along the 
shrinking direction contributes 1 tensor multiplet what corresponds to the string limit 



H|]. For this choice for Np it is easy to derive one of possible sets c( 



n k ) 



(where the index is left out on the r.h.s.) and check that (H5|) is satisfied. There are 
of course other c(n k ) - differring by dC in (f43D - that give the same local cancellation 
of anomalies. 
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Other distributions of tensor multiplets among the fixed planes can be obtained 
from the "checkerboard" configuration by moving those mutliplets one by one from 
some fixed point to the neighbouring one along interval I{n k ). Such change requires 
appropriate modification of c(n k ): 

Ac(#) = ±i (48) 

where the sign depends on the "orientation" of the exchange. 

The theory in the presence of five-branes orthogonal to T 5 can be similarly analyzed. 
The location of the a-th five-brane is given by a vector with components x\ for k = 
7, . . . , 11. In the presence of such five-branes the modified Bianchi identities read 

dG = Y,9P$P +Y, S 5 a) ■ (49) 

P a 

Because of the Zii symmetry the five-branes must come in pairs with opposite co- 
ordinates: x k p = —x k a . In order to satisfy (|49| ) the field G must have jumps at the 
location of both five-branes. The requirement that G is globally well defined can be 
fulfilled only when there are two additional jumps of opposite sign located at some 
fixed six-planes. Such negative jumps of G at the fixed planes correspond to removing 
two twisted sector matter multiplets from those fixed planes and transfering them to 
the so called "wandering" five-branes. One of the solutions is to put both of those 
negative jumps for all pairs of five-branes at the origin P(n = (0,0,0,0,0)). If we 
want to transfer tensor multiplets from some other fixed six-planes we have first to 
move those multiplets to the origin using the procedure described before (|48|). The 
solution transferring all multiplets from the origin to the branes is given by the sum of 
(H) and 

AG = £ £ e pqrst sgn(x*>)9(\xi\ - \^\)8 (x q — x q a ) A ... A 5 (x 1 - a£) . (50) 

" a pqrst 

Now 16 twisted sector tensor multiplets are distributed between fixed planes and five- 
branes 

5> P + £l = 16. (51) 

P a 

The extremal situation is reached when all tensor multiplets sit on five-branes and 
there are no twisted sector multiplets on the fixed six-planes. 
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5 Conlusions 



We have analyzed the problem of anomaly cancellation in the upstairs approach. It 
turned out that for the compactification on S 1 / /Z2 orbifold all final results are sums of 
contributions from two walls so the anomaly cancellation can be achieved without any 
corrections to the original action. C and G fields depend on an arbitrary function of 
x 11 but the anomaly cancellation works in the same way for any choice of this function 
(however, one should note that for other purposes some choice may be preferred over 
the others like for example in |TT| where it was shown that the Kaluza-Klein zero 
modes have some specific dependence on the eleventh dimension). The cancellation of 
anomalies in the presence of five-branes is possible but requires one additional condition 
on the variation of C under the gauge and gravitational transformations. In the case 
of compactification on T 5 / /Z2 (with and without five-branes) we have presented in the 
upstairs approach an explicit method to derive field configuration for which the total 
anomaly vanishes separately at each fixed six-plane. 

The same results can be obtained in the downstairs approach but with appropriate 
boundary conditions replacing the Z2 symmetry. This, however, is less straightforward 
to implement. For example the upstairs approach automatically takes into account 
proper normalization of charges. In the case of the T 5 / compactification the number 
of additional tensor multiplets is always 16 in the upstairs approach (since two /Z2 
symmetric "wandering branes" carry two tensor multiplets) while in the downstairs 
approach it can be smaller (because now there is only a single brane with one tensor 
multiplet). In conclusion, from the point of view of anomaly cancellation, the upstairs 
and downstairs approaches are equivalent. In the actual computation, however, the 
upstairs approach seems to be more convenient. 
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